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Semisimple tensor categories with fusion rules of self-duality for finite abelian
groups are classified. As an application, we prove that the Tannaka duals of the
dihedral and the quaternion groups of order 8 and the eight-dimensional Hopf al-
gebra of Kac and Paljutkin are not isomorphic as abstract tensor categories whereas
they have the same fusion rule. © 1998 Academic Press
1. INTRODUCTION
During studies of bimodules in operator algebras, one of the authors in-
troduced a class of tensor categories of vector bundles with finite group
actions [9] and showed that a cohomological deformation of tensor cate-
gories in this class provides examples of nonisomorphic Hopf algebras with
the isomorphic tensor categories of representations [10] (all these Hopf al-
gebras are in the class of Kac algebras, particularly semisimple, and the
minimal dimension of examples is 18). Without specific realizations in the
tensor category of vector spaces, Hopf algebras cannot be recovered from
the information of abstract tensor categories of representations.
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Bearing this fact in mind, it is natural to raise the question: Can we find
such examples inside the category of finite groups?
Doplicher and Roberts proved that the categories of finite-dimensional
unitary representations of nonisomorphic compact groups are nonisomor-
phic as symmetric C tensor categories [2]. But without mentioning the
additional structures of symmetry and unitarity, there are not any decisive
answers to the question at present.
It is well known that the tensor categories of representations of eight-
dimensional noncommutative Hopf algebras, including group algebras of
the dihedral group D8 and the quaternion group Q8, give the isomorphic
Grothendieck rings (or the isomorphic fusion algebras) and hence they may
happen to be isomorphic as tensor categories. The present work evolved as
a result of our effort to discriminate these Hopf algebras by their tensor
categories.
To detect the differences in tensor categories, we completely classify the
semisimple tensor categories with fusion rules of a certain class generalizing
the rule for D8.
Given a finite group A, we introduce a fusion rule on the set S D At m
by a⊗ b D ab, a⊗m D m D m⊗ a with a; b 2 A, and m⊗m DLa2A a.
Our main result is that the equivalence classes of semisimple tensor cat-
egories based on this fusion rule are parametrized by pairs ; , where
x AA!  is a symmetric nondegenerate bicharacter (multiplicative
map in each variable) and  is a square root of the reciprocal 1=A of the
order of A.
On the level of fusion rules, there is no reason to restrict the group A to
being abelian but the previous characterization of tensor categories shows
that we need to choose an abelian group to associate a tensor category to
the fusion rule. This is compatible with the duality principle in subfactor
theory, where a similar result is known under the assumption of rigidity and
unitarity (positivity) on tensor categories [7, 8].
Classifying semisimple tensor categories with a given fusion rule amounts
to classifying natural associativity isomorphisms X ⊗ Y  ⊗Z D X ⊗ Y ⊗
Z, which are subject to the so-called pentagon identity, and those asso-
ciativities are described in terms of purely linear-algebraic data. We review
this standard fact in Section 2.
In Section 3, we write down explicitly the pentagonal equations for our
particular class of tensor categories and, by using the freedom of gauge
choices of pentagonal equations, derive solutions of a special form, which
are parametrized by the invariant ;  mentioned previously.
Examples are then presented in Section 4, where the invariants of the
tensor categories of representations of D8, Q8 and the Hopf algebra H8 of
Kac and Pajutkin are computed and they turn out to be different from each
other.
694 tambara and yamagami
2. PRELIMINARIES
A monoidal category C is called a tensor category over a field k if hom-
sets are k-vector spaces, C has finite direct sums, and all the relevant op-
erations are k-linear. Given tensor categories C and C0 over k, a tensor
functor F x C ! C0 is a monoidal functor which is k-linear on hom-sets.
We say that tensor categories C and C0 are equivalent if there is a tensor
functor F x C! C0 inducing an equivalence of categories.
A tensor category C is said to be split semisimple if there is a set S of
objects in C such that every object in C is a direct sum of objects in S , and
for X;Y 2 S one has
HomX;Y  D

k1X if X D Y;
0 if X 6D Y:
In this case we say an object X in C is simple if EndX D k1X . So S
is a representative system of isomorphism classes of simple objects. The
adjective “split” may be dropped when k is algebraically closed.
For X;Y;Z 2 S , a nonnegative integer NX;YZ is defined as the multiplic-
ity of Z in the decomposition of X ⊗ Y , i.e.,
N
X;Y
Z D dim HomZ;X ⊗ Y :
The totality NX;YZ X;Y;Z2S is, by definition, the fusion rule of C.
The fusion algebra of C is the free module S  on the set S with mul-
tiplication defined by
X  Y D X
Z2S
N
X;Y
Z Z
for X;Y 2 S .
More generally, a ring with a -basis which makes structure constants
nonnegative integers is referred to as a fusion algebra in what follows,
although this terminology is usually used in more restrictive sense.
A split semisimple category is equivalent to a direct sum of copies of
the category of vector spaces. A monoidal structure on such a category can
be completely described by a certain collection of vector spaces and linear
maps. The details are as follows.
Let C be a split semisimple tensor category. We restrict our concern to
the case where the unit object I is simple, although the general case is not
much more complicated. We take a representative system S of isomorphism
classes of simple objects such that I 2 S . We assume that S is finite, just
for simplicity.
As C is semisimple, every object X 2 C is determined by a family of
vector spaces HomX;S for all S 2 S . The tensor product operation
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⊗x C C! C, being a biadditive functor, is specified by the objects S⊗ T
for all S; T 2 S , whence by a family of vector spaces HomS ⊗ T;U for
all S; T;U 2 S . We set 
S; T
U

D HomS ⊗ T;U
and call it a triangular space.
Let
aX;Y;Z x X ⊗ Y  ⊗ Z! X ⊗ Y ⊗ Z;
lX x I ⊗X ! X; rX x X ⊗ I ! X
denote the associativity, left-unit, right-unit constraints, respectively. The
axiom of a monoidal category says that aX;Y;Z; lX; rX are natural isomor-
phisms and satisfy the identities
X ⊗ aY;Z;W aX;Y⊗Z;W aX;Y;Z ⊗W  D aX;Y;Z⊗W aX⊗Y;Z;W ; M1
X ⊗ lY aX; I;Y D rX ⊗ Y M2
for all objects X;Y;Z;W , where X ⊗ aY;Z;W means 1X ⊗ aY;Z;W and so
on [3].
As C is semisimple, aX;Y;Z for all X;Y;Z 2 C are determined by the
linear maps
HomaX;Y;Z; T x HomX ⊗ Y ⊗ Z; T  ! HomX ⊗ Y  ⊗ Z;T 
for all X;Y;Z; T 2 S . We have the natural isomorphisms
HomX ⊗ Y  ⊗ Z;T  D M
S2S

X;Y
S

⊗

S;Z
T

;
HomX ⊗ Y ⊗ Z; T  D M
S2S

Y;Z
S

⊗

X;S
T

;
through which HomaX;Y;Z; T  corresponds to a linear isomorphism(
X;Y;Z
T
)
x M
S2S

Y;Z
S

⊗

X;S
T

! M
S2S

X;Y
S

⊗

S;Z
T

:
We call this a tetrahedral transformation.
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Then (M1) is equivalent to a collection of the following equations,
referred to as
(
X;Y;Z;W
U

, for all U 2 S :
L
S; T

Z;W
S
 
Y; S
T
 
X;T
U

L
T

Y;Z;W
T

X;T
U

#L
S; T

Y;Z
S
 
S;W
T
 
X;T
U

L
S

Y;Z
S

X;S;W
U

#L
S; T

Y;Z
S
 
X;S
T
 
T;W
U

L
T

X;Y;Z
T

T;W
U

#L
S; T

X;Y
S
 
S;Z
T
 
T;W
U

D
L
S; T

Z;W
S
 
Y; S
T
 
X;T
U

#
L
S

Z;W
S

X;Y; S
U

L
S; T

Z;W
S
 
X;Y
T
 
T; S
U

# L
S; T

X;Y
S
 
Z;W
T
 
S; T
U

#
L
S

X;Y
S

S;Z;W
U

L
S; T

X;Y
S
 
S;Z
T
 
T;W
U

:
Here ⊗ for k-spaces and k-maps are omitted, and  is the natural iso-
morphism interchanging the first and the second factors of tensor products
together with the indices S and T .
The units lX and rX for all X 2 C are determined by
lX 2

I;X
X

and rX 2

X; I
X

for all X 2 S :
Then (M2) is equivalent to the following equations, referred to as
(
X;Y
U

,
for all U 2 S :(
X; I;Y
U
)
lY ⊗ f  D rX ⊗ f for all f 2

X;Y
U

:
In summary, a split semisimple tensor category C with a list S of simple
objects including the unit object I is specified by the following data: finite-
dimensional vector spaces

S;T
U

for all S; T;U 2 S , linear isomorphismsX;Y;Z
T
}
for all X;Y;Z; T 2 S , and vectors lX 2

I;X
X

, rX 2

X;I
X

for all X 2
S which satisfy the equations
(
X;Y;Z;W
U

,
(
X;Y
U

for all X;Y;Z;W;U 2S .
A reconstruction of a tensor category from these data can be done as
follows. Given data as above, we let a category C be the direct sum of S 
copies of the category of finite-dimensional k-vector spaces. Objects of C
are S -indexed families XSS2S of finite-dimensional k-vector spaces. The
tensor product is defined by
XS ⊗ YT  D
M
S; T

S; T
U

⊗XS ⊗ YT

U
;
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and the unit object is the family I;SkS , where  is Kronecker’s delta.
The associativity is defined from

X;Y;Z
T
}
, and the units from lX; rX in an
obvious manner.
3. CLASSIFICATION
In this section, we shall classify split semisimple tensor categories with
fusion algebras revealing the self-duality of finite abelian groups.
Given a finite group A, the group algebra A is extended by adding
one more element m so that am D ma D m for all a 2 A and m2 DPa2A a.
It is easy to check that this in fact gives a well-defined fusion algebra S
with basis S D A t m.
Remark. (i) Even if we start with a monoid A (i.e., a semigroup with
unit), the associativity of the preceding multiplication rule forces A to be
a group.
(ii) In the algebra S over the complex field , we can define the *-
operation (an antilinear and antimultiplicative involution) so that a D a−1
for a 2 A and m D m.
We proceed into descriptions of split semisimple tensor categories over
a field k with the fusion algebra S. For tensor categories in this class, all
the nontrivial triangular vector spaces are one-dimensional and given by
a; b
ab

;

a;m
m

;

m;a
m

; and

m;m
a

with a; b 2 A:
We choose nontrivial vectors in these vector spaces and denote them by
a; b 2

a; b
ab

; a;m 2

a;m
m

;
m;a 2

m;a
m

; a 2

m;m
a

:
We assume that 1; a D la, a; 1 D ra, 1;m D lm, m; 1 D rm. This is
allowed, because l1 D r1, which is a consequence of (M1) and (M2) [5].
Among tetrahedral transformations, nontrivial are(
a; b; c
abc
)
;
(
a; b;m
m
)
;
(
a;m; b
m
)
;
(
m;a; b
m
)
;
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a;m;m
b
)
;
(
m;a;m
b
)
;
(
m;m; a
b
)
;
(
m;m;m
m
)
:
The domains and the ranges of these maps are one dimensional except for
the last ones, which are A dimensional. Thus these assume the following
form: (
a; b; c
abc
)
x b; c ⊗ a; bc 7! a; b; ca; b ⊗ ab; c;
(
a; b;m
m
)
x b;m ⊗ a;m 7! 3a; ba; b ⊗ ab;m;(
a;m; b
m
)
x m;b ⊗ a;m 7! 2a; ba;m ⊗ m;b;(
m;a; b
m
)
x a; b ⊗ m;ab 7! 1a; bm;a ⊗ m;b;(
a;m;m
b
)
x a−1b ⊗ a; a−1b 7! 1a; ba;m ⊗ b;(
m;a;m
b
)
x a;m ⊗ b 7! 2a; bm;a ⊗ b;(
m;m; a
b
)
x m;a ⊗ b 7! 3a; bba−1 ⊗ ba−1; a;(
m;m;m
m
)
x a ⊗ m;a 7!Pb γa; bb ⊗ b;m:
Here , j , and j are k-valued functions and γa; ba;b2A 2GLA; k.
The equations (M2) for all X;Y reduce to the normalization conditions
a; 1; b D 1; 11; a D 1; 3a; 1 D 1; 21; b D 1:
We now write down the pentagon identities in terms of the functions ,
i, i, γ. The nontrivial pentagonal identities are
a; b; c; d
abcd

;

a; b; c;m
m

;

m;a; b; c
m

;

a;m; b; c
m

;

a; b;m; c
m

;
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a; b;m;m
c

;

m;m; a; b
c

;

a;m; b;m
c

;

m;a;m; b
c

;

a;m;m; b
c

;

m;a; b;m
c

;

a;m;m;m
m

;

m;m;m; a
m

;

m;a;m;m
m

;

m;m; a;m
m

;

m;m;m;m
a

and these respectively take the form:
@ D 1; (1)
@3 D −1; (2)
@1 D ; (3)
2ab; c D 2a; c2b; c; (4)
2a; bc D 2a; b2a; c; (5)
a; b; b−1a−1c1ab; c D 3a; b1a; c1b; a−1c; (6)
cb−1a−1; a; b3ab; c D 1a; b3b; c3a; cb−1; (7)
2b; c D 2a; b2b; a−1c; (8)
2a; c D 2a; b2a; cb−1; (9)
1a; c3b; c D a; a−1cb−1; b1a; cb−13b; a−1c; (10)
2a; c2b; c D 1a; b3a; b2ab; c; (11)
2a; cγc; b D 1a; b3a; a−1bγc; a−1b; (12)
2b; aγc; b D 3a; c1ca−1; aγca−1; b; (13)
1a; cγc; b D 2a; b1a; acγac; b; (14)
3b; aγc; b D 2a; c3a; baγc; ba; (15)X
c
2c; bγc; aγd; c D ad;b1a; b3a−1b; b: (16)
Here  is Kronecker’s delta and @ denotes the coboundary operation in
group cohomology:
@a1; a2; a3; a4 D
a2; a3; a4a1; a2a3; a4a1; a2; a3
a1a2; a3; a4a1; a2; a3a4
;
@1a1; a2; a3 D
1a2; a31a1; a2a3
1a1a2; a31a1; a2
:
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It is useful here to remark that the previous normalization conditions,
together with these pentagonal equations, imply
31; a D 1 D 11; a:
In fact, 1; a; b D 1 from @a; 1; b; c D 1 and a; 1; b D 1, which
is used in (6) to produce 31; b11; c D 1 for any b, c 2 A, whence
11; c D 31; 1 D 1.
We now take care of the effect of change of bases for the triangu-
lar spaces. Since those spaces are one dimensional, other basis vectors
a; b0; a;m0; m;a0; a0 are given by
a; b0 D a; ba; b;
a;m0 D ’aa;m;
m;a0 D  am;a;
a0 D !aa;
with k-valued functions , ’,  , and ! satisfying the normalization con-
ditions
a; 1 D 1; a D 1; ’1 D  1 D 1:
The coefficients of the tetrahedral transformations are then changed into
0 D @; (17)
01a; b D  ab a−1 b−1a; b1a; b; (18)
02a; b D 2a; b; (19)
03a; b D ’a’b’ab−1a; b−13a; b; (20)
01a; b D !a−1b!b−1’a−1a; a−1b1a; b; (21)
02a; b D ’a a−12a; b; (22)
03a; b D !b!ba−1−1 aba−1; a−13a; b; (23)
γ0a; b D !a!b−1 a’b−1γa; b: (24)
By the normalization 31; a D 1 D 3a; 1, we can put  D 3, which
together with the choice ’  1 produces
0  1; 03  1:
Moreover, the normalization condition 21; 1 D 1 allows us to choose
 a D 2a; 1 and we have
02a; 1 D 1;
01a; 1 D !a−1!1−13a; a−11a; 1:
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Since 11; 1 D 1 and 31; 1 D 1, we can put
!a−1 D !1
3a; a−11a; 1
so that
01a; 1 D 1:
So far, we have proved that a suitable gauge choice allows us to assume
  1  3 and 1a; 1 D 1 D 2a; 1:
Then (6) implies 1  1. If we take a D c in (8) and b D c in (9), then
2 D 2 and
2a; b D 2b; a:
In particular, 2 is a bicharacter of A and (11) is reduced to 1  1.
Now we claim the triviality of 3 and the relation
γa; b D γ1; 1
2a; b
:
In fact,   1 and 1  1 are used in (10) to get
3a; b D 3a; 1;
whereas, letting a D b, (12) implies
γa; b D γa; 1
2a; b
:
These are used in (13) and (14) to obtain
γc; 1 D 3a; 1γca−1; 1; γc; 1 D γac; 1:
Since the matrix γa; ba; b is invertible, the second relation shows
that γc; 1 D γ1; 1 2 k, which together with the first relation gives
3a; 1 D 1, proving the triviality of 3a; b D 3a; 1.
Summarizing the computations so far, we can find a gauge choice so that
  1, 1 D 3 D 1 D 3  1, 2 D 2 is a symmetric bicharacter, and
γa; b D γ1; 1
2a; b
:
(Such a choice of base is referred to as a normal base in the following.)
Conversely, these satisfy the pentagonal equations except for (16).
On the other hand, (16) itself takes the form
γ1; 12 X
c
2c; bd−1a−1 D ad;b;
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which is equivalent to requiring the nondegeneracy of 2 and the relation
γ1; 12A D 1:
In particular, A must be abelian. And the matrix γa; b D a; b−1
has the inverse a; b by the orthogonality of characters.
Thus the monoidal structure of C has been completely described in terms
of 2 and γ1; 1. We finally claim that 2 and γ1; 1 are invariants of the
tensor category; that is, they are independent of the choice of normal bases.
Equations (19), (22), and (24) give rise to
02 D 2; ’ D  ; γ0a; b D
!a’a
!b’bγa; b:
Letting a D b D 1, we conclude that γ01; 1 D γ1; 1.
Let us give a model of tensor categories with given invariants 2 and
γ1; 1.
Definition 3.1. Let A be a finite group and let k be a field. Suppose
we are given a symmetric nondegenerate bicharacter x AA! k and
an element  2 k satisfying A2 D 1. We define a tensor category C; 
over k as follows:
• Objects are finite direct sums of elements of S D A t m.
• Hom-sets between elements of S are given by
Homs; s0 D

k if s D s0;
0 if s 6D s0:
• Compositions are obvious ones and 1s D 1 2 k.
• Tensor products of elements of S are given by
a⊗ b D ab; a⊗m D m; m⊗ a D m; m⊗m D M
a2A
a
and the unit object is 1.
• Associativities a for elements of S are given by
aa; b; c D 1abc;
aa; b;m D am;a; b D 1m;
aa;m; b D a; b1m;
aa;m;m D am;m; a D
M
b
1b;
am;a;m D
M
b
a; b1b;
am;m;m D a; b−11ma; bx
M
a
m!M
a
m;
with a; b; c 2 A. The unit constraints are identity maps.
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With choice of base a; b D 1, a;m D 1, m;a D 1, a D projection
onto a, we have   1, 1 D 3 D 1 D 3  1, 2 D 2 D , and
γa; b D =a; b.
Theorem 3.2. Let A be a finite group and let S D A t m be the
fusion algebra defined by a  b D ab, a m D m D m  a, and m m DPa2A a.
Then any split semisimple tensor category over a field k with the fusion algebra
S is equivalent to C;  for some ; .
Two tensor categories C;  and C0; 0 are equivalent if and only
if  D 0 and 0a; b D a; b for some automorphism  of the
group A.
Proof. The first part was already proved. The “only if” part of the sec-
ond is clear from the naturality of the construction of C; . Now suppose
there is a tensor equivalence F x C;  ! C0; 0. We may assume F
maps S onto S. Then  D F A is an automorphism of A. Replacing 0 by
0, we may assume F is identity on S. As proved previously, we can
compute the invariant for C0; 0 by using either its own canonical base
or the image of the canonical base of C;  under F . The former gives
0; 0 and the latter ; . Hence 0; 0 D ; .
Corollary 3.3. If there is any split semisimple tensor category with the
fusion algebra S, then the group A must be abelian.
Remark. Even for abelian groups, the existence of tensor categories of
the fusion algebra S is not automatic: With the choice of the ratio-
nal field  and A D 2, there is no  2  satisfying 2 D 12 and hence
it is impossible to construct a tensor category of the fusion algebra S
based on the field . This provides a counterexample to the assertion in
[1, Prop. 5.2.10].
Proposition 3.4. The tensor category C;  is rigid.
Proof. Let ix 1! m⊗m be the injection and ex m⊗m! 1 the pro-
jection. Since am;m;m D a; b−1 and a−1m;m;m D a; b, we have
m
i⊗1! m⊗m ⊗m D m⊗ m⊗m 1⊗e=! m

D 1m;
m
1⊗i! m⊗ m⊗m D m⊗m ⊗m e=⊗1! m

D 1m:
This shows that m is rigid. The rigidity of a 2 A is clear.
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4. EXAMPLES
In this section, we exclusively deal with the case k D , the complex
number field, and A D 2  2, the Klein 4-group. Let A D 1; a; b; c.
Then A has just four nondegenerate symmetric bicharacters 1; a; b; c:
1 is the unique nonzero alternating form given by
1a; a D 1b; b D 1c; c D 1;
1a; b D 1b; c D 1c; a D −1;
while c is defined by
ca; a D cb; b D −1; ca; b D 1
and similarly for a; b. The diagonal action of AutA permutes a; b;
c . Thus there are two inequivalent bicharacters.
As there are two choices  D  12 , we have
Theorem 4.1. For the choice A D 2  2, there are exactly four equiv-
alence classes of semisimple tensor categories over  with the fusion algebra
S.
If such a tensor category is realized as the category of representations
of a Hopf algebra H, then H must have dimension 8. Indeed, elements of
A correspond to one-dimensional representations and m two-dimensional,
hence dimH D 1 C 1 C 1 C 1 C 22 D 8. In the remaining part, we shall
identify three of the tensor categories of the theorem as the categories
of representations of eight-dimensional Hopf algebras: the dihedral group
algebra, the quaternion group algebra, and the algebra of Kac and Paljutkin.
Let D8 be the dihedral group of order 8 and Q8 the quaternion group of
order 8. Recall that
D8 D x; yx4 D y2 D xy2 D 1;
Q8 D x; yx2 D y2 D xy2; x4 D 1:
We shall denote by G either D8 or Q8 and let A D HomG; be the
group of one-dimensional representations of G. The group A is isomorphic
to 2  2 and nontrivial characters a; b; c are specified by
ax D 1; ay D −1;
bx D −1; by D 1;
cx D −1; cy D −1:
Let a, b, c be the corresponding G-modules with underlying space .
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Other than the characters in A, the group G has a unique irreducible
representation, which is two dimensional and given by
x 7!

i 0
0 −i

; y 7!

0 1
1 0

for G D D8;
x 7!

i 0
0 −i

; y 7!

0 1
−1 0

for G D Q8:
Let M be the corresponding simple G-module with the basis 1; 2. It
is immediate to check that
a ⊗M 3 1⊗ v 7! xv 2M;
b ⊗M 3 1⊗ v 7! yv 2M;
c ⊗M 3 1⊗ v 7! xyv 2M
give isomorphisms of G-modules. By the obvious identification a ⊗M D
M ⊗ a, we have an isomorphism M ⊗ a DM and so on.
An isomorphism M ⊗M D  a  b  c is given by
21 ⊗ 1 7! 0; 0; 1;−i;
22 ⊗ 2 7! 0; 0; 1;Ci;
21 ⊗ 2 7! 1;−i; 0; 0;
22 ⊗ 1 7! 1;Ci; 0; 0
for G D D8, and
21 ⊗ 1 7! 0; 0;−1;Ci;
22 ⊗ 2 7! 0; 0;−1;−i;
21 ⊗ 2 7! C1;−i; 0; 0;
22 ⊗ 1 7! −1;−i; 0; 0
for G D Q8.
With the choice of these isomorphisms, it is now easy to compute the
invariants  and x  D 1 for both D8 and Q8, whereas
 D
C1=2 for D8;
−1=2 for Q8:
We next compute the invariants for the eight-dimensional Hopf algebra
H8 of Kac and Paljutkin. Recall from [4] that
H8 D    γ M2
706 tambara and yamagami
as an algebra (, , , and γ are central idempotents) with coproduct
1x H8 ! H8 ⊗H8 defined by
1 D ⊗ C ⊗ C ⊗ C γ ⊗ γ
C 1
2
X
1i;j2
ij ⊗ ij;
1 D ⊗ C ⊗ C ⊗ γ C γ ⊗ 
C 1
2
11 ⊗ 22 C i12 ⊗ 21 − i21 ⊗ 12 C 22 ⊗ 11;
1 D ⊗ C ⊗ C ⊗ γ C γ ⊗ 
C 1
2
11 ⊗ 22 − i12 ⊗ 21 C i21 ⊗ 12 C 22 ⊗ 11;
1γ D ⊗ γ C γ ⊗ C ⊗ C ⊗ 
C 1
2
11 ⊗ 11 − 12 ⊗ 12 − 21 ⊗ 21 C 22 ⊗ 22;
1x D ⊗ xC ⊗ uxu C ⊗ uxu C γ ⊗ uγxuγ
C x⊗ C uxu ⊗ C uxu ⊗ C uγxuγ ⊗ γ;
for x 2M2, where ij denote the matrix units in M2 and
u D

0 i
1 0

; u D

0 1
i 0

; uγ D
 −1 0
0 1

:
Let 1, a, b, and c be the characters (one-dimensional representations)
taking coefficients of the idempotents , , , and γ, respectively. The group
A D 1; a; b; c is a 4-group. Denote by a, b, c the corresponding H8-
modules. Let M be the representation of H8 on 2 through the component
M2.
Isomorphisms a ⊗M DM , b ⊗M DM , c ⊗M DM are given by
1⊗ v 7! uv; uv; uγv;
respectively, whereas isomorphisms M ⊗a DM , M ⊗b DM , M ⊗c D
M are given by
v⊗ 1 7! uv; uv; uγv;
respectively.
A decomposition M ⊗M D  a  b  c is given by
21 ⊗ 1 7! 1; 0; 0; 1;
22 ⊗ 2 7! 1; 0; 0;−1;
21 ⊗ 2 7! 0;−i; 1; 0;
22 ⊗ 1 7! 0; 1;−i; 0:
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With respect to these isomorphisms, it is immediate to calculate the in-
variants of the tensor category of representations of H8:
 D c;  D
1
2
:
Thus the bicharacter is different from the one for groups D8, Q8 and we
conclude that the three Hopf algebras D8, Q8, H8 are distinguished by their
tensor categories of representations.
According to Masuoka [6], any eight-dimensional noncommutative semi-
simple Hopf algebra is isomorphic to one of the preceding three algebras.
So the remaining tensor category of Theorem 4.1, which has the same  as
H8 but  D − 12 , is not realized as the tensor category of representations of
a Hopf algebra. (This can be shown directly as well.)
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